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ON RELATIVE DERIVED CATEGORIES
J. ASADOLLAHI, P. BAHIRAEI, R. HAFEZI AND R. VAHED
Abstract. The paper is devoted to study some of the questions arises naturally in con-
nection to the notion of relative derived categories. In particular, we study invariants
of recollements involving relative derived categories, generalise two results of Happel by
proving the existence of AR-triangles in Gorenstein derived categories, provide situations
for which relative derived categories with respect to Gorenstein projective and Goren-
stein injective modules are equivalent and finally study relations between the Gorenstein
derived category of a quiver and its image under a reflection functor. Some interesting
applications are provided.
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1. Introduction
Derived categories were invented by Grothendieck-Verdier [Ve] in the early sixties, simply
to make quasi-isomorphisms become isomorphisms. Nowadays, derived categories are widely
used in algebraic geometry, commutative algebra and also representation theory of algebras.
On the other hand, there has been an approach in homological algebra, going back to
Eilenberg and Moore in their 1965 AMS Memoir [EM] and Mac Lane [Ma], that replaces
projective modules by relative projective modules. With this approach modules other than
projectives are allowed in resolutions, and hence a relative version of homological algebra was
grown up. The most important case, that goes back to Auslander and Bridger’s 1964 AMS
Memoir [AB], is to treat a class of relative projective modules known as Gorenstein projective
modules.
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The importance and applications of the notion of derived categories in many different
subjects provide a natural motivation to study the relative version of derived categories.
Buan [Bu] studied relative derived categories by localizing relative quasi-isomorphisms. He
applied these categories to generalize Happel’s result on derived equivalences induced by
tilting modules to the relative setting. Moreover, Gao and Zhang [GZ] used Gorenstein
homological algebra to study Gorenstein derived categories. This notion then was studied
more in [AHV1].
This paper should be considered as a continuation of [GZ] and [AHV1], as further attempts
to achieve more properties of relative derived categories, specially with respect to the class
of Gorenstein projectives. The outcome is that this relative setting has nice properties one
could expect and deserve more attentions. In fact, beside other applications, one hope is that
such theories could help in understanding the Gorenstein Symmetry Conjecture, when one
apply the theory to the module category of an artin algebra.
Let A be an abelian category and X be a subcategory of A. A complex A in A is called
X -acyclic if the induced complex HomA(X,A) is acyclic for every X ∈ X . The Gorenstein
derived category of A, denoted DGP(A), is by definition the Verdier quotient of the homotopy
category of A, K(A), modulo the thick subcategory KGP-ac(A) of GP(A)-acyclic complexes,
where GP denotes the class of Gorenstein projective objects. Some of the basic properties
of DGP (A) are investigated in [GZ]. In a similar way, one can define the X -relative derived
category of A, denoted by DX (A).
There are several open questions transferred naturally from (absolute) derived settings to
relative settings. See [Ch3, Appendix 3] for a (not complete) list of open problems. In this
paper we discuss some of such questions. Let us be more precise.
Section 2 is devoted to the preliminaries. In Section 3, we show that when Λ is an artin
algebra, DX (Mod-Λ), for certain subcategories X of Mod-Λ, has a nice interpretation as the
(absolute) derived category of a functor category, see Theorem 3.1.
Recollements are important in algebraic geometry and representation theory, see for ex-
ample [BBD, K]. They were introduced by Beilinson, Bernstein and Deligne [BBD] with the
idea that one triangulated category can be considered as being ‘glued together’ from two oth-
ers. Study of invariants of recollements also have been the subject of several researches. For
example, Wiedemann [W, Lemma 2.1] proved that if we have a Db(mod-) level recollement
of finite dimensional algebras over a field, writing A in terms of B and C, i.e.
Db(mod-B) // Db(mod-A) //
mm
qq
Db(mod-C)
ll
rr
then gl.dim(A) <∞ if and only if gl.dim(B) <∞ and gl.dim(C) <∞. Similar result for the
finitistic dimension is proved by Happel [Ha4, 3.3]. In these cases, we say that the finiteness
of global dimension and also finiteness of finitistic dimension are invariants of recollements.
There is an example showing that being of finite representation type is not an invariant of
recollements, see Section 4 below. As an application of our results, see Theorem 4.7, we show
that if we have a DbGp(mod-) level recollement of virtually Gorenstein algebras, then being
Gorenstein as well as being of finite Cohen-Macaulay type, are invariants of recollements.
The notion of Auslander-Reiten triangles, AR-triangles for short, is introduced by Happel
[Ha1]. He established their existence in the bounded derived category of finitely generated
Λ-modules, Db(mod-Λ), for an artin algebra Λ. A natural attempt is to prove the existence
theorem of AR-triangles for the bounded Gorenstein derived category of Λ, DbGP(mod-Λ).
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This question was first considered by Gao [G2], where she proved the existence of AR-
triangles for any finite dimensional Gorenstein algebras of finite Cohen-Macaulay type. In
Section 5, we extend this result to Gorenstein algebras. Furthermore, in Theorem 5.5, we
show that when Λ is a virtually Gorenstein algebra, then DbGp(mod-Λ) has Auslander-Reiten
triangles if and only if Λ is Gorenstein. This result should be compared with [Ha2, Corollay
1.5].
In Section 6, we study situations for which relative derived categories with respect to
Gorenstein projective and Gorenstein injective modules are equivalent. We show that such a
balance property exists, i.e. DbGp(mod-Λ) ≃ D
b
Gi(mod-Λ), provided Λ is a virtually Gorenstein
algebra, see Theorem 6.3.
The notion of reflection functors were introduced by Bernstein, Gel’fand, and Ponomarev
[BGP] to relate representations of two quivers. Then this notion has been extended by several
authors, see [BB] and [HR]. In the last section of the paper, Corollary 7.2, we prove that if Λ
is a Gorenstein algebra, then DbGp(Q) is equivalent to D
b
Gp(σiQ) via reflection functors. This is
a relative version of a result of Happel [Ha1, I. 5.7]. Two direct corollaries are the equivalences
of triangulated categories Dsg(Q) ∼= Dsg(σiQ) and Gp-Q ≃ Gp-σiQ, where Dsg(Q) denotes
the singularity category of ΛQ and Gp denotes the stable category of Gorenstein projective
modules with respect to projectives.
Let us end this introduction by mentioning that Theorems 5.5 and 4.7 in this paper, are
proved independently in [G3].
2. Preliminaries
Let A be a ring, associative with identity and Mod-A, resp. mod-A, denote the category
of all, resp. all finitely presented, A-modules.
For an A-module M , add-M is the additive subcategory of Mod-A consisting of all direct
summands of finite direct sums of copies of M . For a class M of A-modules, Sum-M, resp.
sum-M, denotes the subcategory of Mod-A consisting of all, resp. all finite, direct sums of
objects in M.
Let A be an additive category. C(A) denotes the category of complexes over A. We write
complexes cohomologically, so every object of C(A) is of the form
· · · −→ An−1 −→ An −→ An+1 −→ · · · .
K(A) denotes the homotopy category of A. Moreover, K−(A), resp. Kb(A), denotes the full
subcategory of K(A) formed by all bounded above, resp. bounded, complexes. As well, we
let K−,b(A) denote the full subcategory of K−(A) consisting of all complexes X in which
there is an integer n = nX such that H
i(X) = 0, for all i ≤ n.
The derived category of A will be denoted by D(A). We write D−(A), resp Db(A), for the
full subcategory of D(A) consisting of all homologically bounded above, resp. homologically
bounded, complexes.
Let A be an abelian category and X ⊆ A be a full additive subcategory ofA which is closed
under direct summands. For every object C of A, a morphism f : X −→ C is called a right
X -approximation of C, if X ∈ X and for every X ′ ∈ X the induced map HomA(X
′, X) −→
HomA(X
′, C) is surjective. The subcategory X of A is called contravariantly finite if every
object in A admits a right X -approximation.
2.1. Let X be an additive category. A complex X ∈ C(X ) is called X -totally acyclic if
for every X ∈ X , the induced complexes Hom(X,X) and Hom(X, X) are acyclic. Let A
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be an abelian category having enough projective, resp. injective, objects and X = Prj-A,
resp. X = Inj-A, be the class of projectives, resp. injectives. In this case, an X -totally
acyclic complex is called totally acyclic complex of projectives, resp. totally acyclic complex
of injectives. An object G in A is called Gorenstein projective, resp. Gorenstein injective,
if G is a syzygy of a totally acyclic complex of projectives, resp. totally acyclic complex
of injectives. We denote the class of all Gorenstein projective, resp. Gorenstein injective,
objects in A by GP-A, resp. GI-A. In case A = Mod-A, we abbreviate the notations to
GP-A and GI-A. We set Gp-A = GP-A ∩mod-A and Gi-A = GI-A ∩mod-A.
2.2. Relative derived category. Let A be an abelian category and X be a subcategory
of A. A complex A in A is called X -acyclic (sometimes X -proper exact) if the induced
complex HomA(X,A) is acyclic for every X ∈ X . A chain map f : A −→ B in C(A) is called
an X -quasi-isomorphism if the induced chain map A(X, f) is a quasi-isomorphism, for any
X ∈ X .
The relative derived category of A, denoted by D∗X (A), is the Verdier quotient of the
homotopy category K∗(A) with respect to the thick triangulated subcategory K∗X -ac(A) of
X -acyclic complexes, where ∗ ∈ {blank,−, b}; see [GZ, §2] and [Ch2, §3].
If A has enough projective objects and X = GP-A, then DX (A) is known as the Goren-
stein derived category of A, denoted by DGP(A). The Gorenstein derived category was first
introduced and studied by Gao and Zhang [GZ]. In case X = Gp-Λ, where Λ is a ring, we
write KGp-ac(mod-Λ) for KX -ac(A) and DGp(mod-Λ) for DX (A).
2.3. Functor categories. Let C be a skeletally small additive category and B be an
additive category. The additive covariant, resp. contravariant, functors from C to B together
with the natural transformations and their compositions of functors form a category, known
as the functor category (C,B), resp. (Cop,B). We are mainly interested in the category
(Cop,Ab) of abelian group valued functors. This category inherits a notion of exactness from
the category of abelian groups. A sequence F ′
u
−→ F
v
−→ F ′′ of functors is called exact if
for every X ∈ C, the induced sequence F ′(X)
uX−→ F (X)
vX−→ F ′′(X) is an exact sequence of
abelian groups. This, in particular, implies that (Cop,Ab) is an abelian category.
By using Yoneda lemma one can see that, for every C ∈ C, the functor HomC(−, C) is a
projective object in the functor category (Cop,Ab). Moreover, every object F in (Cop,Ab) is
covered by an epimorphism
∐
iHomC(−, Ci) −→ F −→ 0, where i runs through isomorphism
classes of objects of C. So the category (Cop,Ab) has enough projective objects.
Following [A], we denote the category (Cop,Ab) by Mod(C), which is called the category
of modules on C. A C-module F is called finitely presented if there is an exact sequence
HomC(−, X) −→ HomC(−, Y ) −→ F −→ 0
of C-modules, with X and Y in C. The category of all finitely presented C-modules is denoted
by mod(C).
A morphism C2
f
→ C1 is called pseudokernel for a morphism C1
g
→ C0 if the sequence
HomC(−, C2)
HomC(−,f)
−→ HomC(−, C1)
HomC(−,g)
−→ HomC(−, C0)
of functors is exact. It is known that C has pseudokernels if and only if mod(C) is abelian.
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2.4. Recollements. Let T ′, T and T ′′ be triangulated categories. A recollement of T
with respect to T ′ and T ′′ is defined by six triangulated functors as follows
T ′
i∗=i! // T
j∗=j!
//
i!
ff
i∗
xx
T ′′
j∗
ff
j!
xx
satisfying the following conditions:
(i) (i∗, i∗), (i!, i
!), (j!, j
!) and (j∗, j∗) are adjoint pairs.
(ii) i!j∗ = 0, and hence j
!i! = 0 and i
∗j! = 0.
(iii) i∗, j∗ and j! are full embeddings.
(iv) for any object T ∈ T , there exist the following triangles
i!i
!(T )→ T → j∗j
∗(T ) and j!j
!(T )→ T → i∗i
∗(T ) 
in T .
2.5. Thick subcategories. Let T be a triangulated category. A triangulated subcategory
L of T is called thick, if it is closed under direct summands. Let L be a set of objects in T .
We denote by thick(L) the smallest thick subcategory of T containing L. It is a known fact
that, for a ring R, the subcategory thick(R) of Db(mod-R) is just Kb(prj-R).
3. A description of relative derived categories
Let Λ be an artin algebra. In this section, we show that DX (Mod-Λ), for certain sub-
categories X of Mod-Λ, has a description as the (absolute) derived category of a functor
category.
It is proved in Corollary 3.6 of [AHV1] that if M ∈ mod-Λ, then there is an equivalence
DbAdd-M (Mod-Λ) ≃ D
b(Mod-EndΛ(M)) of triangulated categories. In the following proposi-
tion we extend this equivalence to the set S contained in mod-Λ. This result also generalizes
Theorem 3.1 of [G1].
Proposition 3.1. Let Λ be an artin algebra and S be a set contained in mod-Λ. Set X :=
Add-S. Then there is an equivalence
DX (Mod-Λ) ≃ D(Mod(S))
of triangulated categories.
Proof. Set A = Mod-Λ. Let 〈S〉 be the smallest full triangulated subcategory of K(A)
that contains S and is closed under coproducts. Let X be a complex in ⊥KX -ac(A). Then
HomK(A)(f,X) is bijection for all X -quasi-isomorphisms f . Thus, the quotient functor
K(A) −→ DX (A) induces a bijection HomK(A)(X,Y) ∼= HomDX (A)(X,Y), where X,Y ∈
⊥KX -ac(A); see [Ve, Proposition 5-3] and [Kra3, Lemma 4.8.1]. Since 〈S〉 ⊆
⊥KX -ac(A), we
may deduce that the composition
ϕ : 〈S〉 →֒ K(A) −→ DX (A)
of functors is fully faithful. Since 〈S〉 is compactly generated, by [?, Theorem 4.1], the
inclusion 〈S〉 →֒ K(A) has a right adjoint. Hence for every complex X ∈ K(A), there exists
an exact triangleY −→ X −→ Z , in whichY ∈ 〈S〉 and Z ∈ 〈S〉⊥. But 〈S〉⊥ ⊆ KX -ac(A).
Hence in DX (A), Y ∼= X. This, in turn, implies that ϕ is dense and so is an equivalence.
On the other hand, let (−,S) denote the class of all functors HomΛ(−, S), where S ∈ S.
Since Mod(S) is an abelian category with a projective generator and exact coproducts, then
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D(Mod(S)) ≃ 〈(−,S)〉, see [Kra1]. So we just need to prove that 〈S〉 ≃ 〈(−,S)〉. To this
end, consider the functor φ : Sum-S −→ Sum-(−,S) given by φ(⊕i∈ISi) = ⊕i∈IHomΛ(−, Si).
This functor is, in fact, an equivalence. Indeed, it follows from the following isomorphisms
that φ is fully faithful.
HomΛ(⊕i∈ISi,⊕j∈JSj) ∼=
∏
i∈I HomΛ(Si,⊕j∈JSj)
∼=
∏
i∈I ⊕j∈JHomΛ(Si, Sj)
∼=
∏
i∈I ⊕j∈JHom(HomΛ(−, Si),HomΛ(−, Sj))
∼= Hom(⊕i∈IHomΛ(−, Si),⊕j∈JHomΛ(−, Sj)).
Note that the second isomorphism follows from the fact that finitely generated Λ-modules are
compact objects in mod-Λ and the last isomorphism follows from the same fact applying to
HomΛ(−, Si) in the category Mod(S). Moreover, φ is clearly dense and so is an equivalence
of categories.
Naturally, φ can be extended to an equivalence of homotopy categories
φ¯ : K(Sum-S) −→ K(Sum-(−,S)).
Observe that starting from any object of K(Add-S) we can get an object of K(Sum-S) by
taking the direct sum with complexes of the form
· · · −→ 0 −→ 0 −→ S
id
−→ S −→ 0 −→ 0 −→ · · · ,
that are zero objects in the homotopy category. So K(Sum-S) ≃ K(Add-S).
In a similar way, one can deduce that K(Sum-(−,S)) ≃ K(Prj-Mod(S)). Consequently, we
have an equivalence K(X ) ≃ K(Prj-mod(S)).
Now, our desired equivalence follows from the following diagram
K(X )
∼ //
OO
?
K(Prj-Mod(S))
OO
?
〈S〉
∼ // 〈(−,S)〉.
Hence the proof is complete. 
Recall that an artin algebra Λ is called virtually Gorenstein, if (GP-Λ)⊥ = ⊥(GI-Λ), see
[BR]. Moreover, an artin algebra Λ is called of finite Cohen-Macaulay type (CM-finite, for
short) provided there are only finitely many indecomposable finitely generated Gorenstein
projective Λ-modules, up to isomorphism, see [BR] and [Be1].
Corollary 3.2. Let Λ be a virtually Gorenstein algebra of finite CM-type. Then
DGP(Mod-Λ) ≃ D(Mod(Gp-Λ)).
Proof. By [Be2, Theorem 4.10], GP-Λ = Add-Gp-Λ. Therefore, Proposition 3.1 applies to
conclude the result. 
4. Invariants of recollements of Gorenstein derived categories
Wiedemann [W, Lemma 2.1] proved that if we have a Db(mod-) level recollement of finite
dimensional algebras over a field, writing A in terms of B and C, then gl.dim(A) is finite
if and only if gl.dim(B) and gl.dim(C) are finite. Similar result for the finitistic dimension
is proved by Happel [Ha4, 3.3]. That is finiteness of global dimension and also finiteness of
finitistic dimension are invariants of recollements.
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In this section, we show that being CM-finite and also being Gorenstein are invariants
of recollements of Gorenstein derived categories over certain artin algebras. Note that, as
the following examples show, being of finite representation type or being Gorenstein are not
invariants of recollements of (absolute) derived categories.
Example 4.1. Let k be an algebraically closed filed and Λ = k[x]/(xn) with n > 5. It is
proved in [P, Corollary 7.7] that for any ring Λ there is the following recollement
D
b(mod-Λ)
i∗ // Db(mod-T2(Λ))
j∗
//
i!
hh
i∗
vv
D
b(mod-Λ),
j∗
hh
j!
vv
where T2(Λ) =
(
Λ 0
Λ Λ
)
is the T2-extension of Λ. By [Be2, Example 4.17], we know that
T2(Λ) if of infinite CM-type, while it is known that Λ is of finite representation type.
Example 4.2. Let A be a k-algebra, where k is a filed, given by the quiver
e1
α // e2 β
zz
bound by the zero relations αβ = 0 and β2 = 0. Consider an idempotent e1 of A. In view of
[PSS, Example 4.5], there is the following recollement
Db(mod-A/Ae1A) // D
b(mod-A) //
hh
vv
Db(mod-k).
gg
vv
It can easily checked that A/Ae1A is a k-algebra given by the quiver
e2 β
zz
bound by the zero relation β2 = 0. Therefore, A/Ae1A, as well as k, is Gorenstein, while A
is not Gorenstein, see [Ch1, Example 4.3(2)].
Setup 4.3. Throughout this and also next section, we assume that the artin algebra Λ
satisfies the following property
(>) Gp-Λ is a contravariantly finite subcategory of mod-Λ.
Remark 4.4. Note that if Λ is a virtually Gorenstein algebra or is an artin algebra of finite
CM-type, then it satisfies property (>), i.e. Gp-Λ is a contravariantly finite subcategory of
mod-Λ. This fact for virtually Gorenstein algebras is proved by Beligiannis [Be2, Proposition
4.7] and for CM-finite algebras is easy to see because in this case Gp-Λ = add-G, for some
G ∈ Gp-Λ. So our results at least covers these two classes of algebras.
It is an open problem that weather CM-finite algebras are virtually Gorenstein, see [Ch3,
Page 52].
Let K−,Gpb(Gp-Λ) denote the full subcategory of K−(Gp-Λ) consisting of all complexes X
such that there is an integer n = nX such that H
i(HomΛ(G,X)) = 0, for all i ≤ n and every
G ∈ Gp-Λ.
Lemma 4.5. Let Λ be an artin algebra and X be a complex in K−,Gpb(Gp-Λ). Then X lies
in Kb(Gp-Λ) if and only if for every Y ∈ K−,Gpb(Gp-Λ), HomK−,Gpb(Gp-Λ)(X,Y[n]) = 0, for
large n.
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Proof. If X is isomorphic to a bounded complex of finitely generated Gorenstein projective
Λ-module, then Hom(X,Y[i]) = 0, for large i. Conversely, assume that X is not isomorphic
to a complex in Kb(Gp-Λ). So, for small i, the kernel of the i-th differential of X is not
finitely generated Gorenstein projective. Take Y to be the direct sum of Gorenstein projec-
tive resolutions of all simple Λ-modules. Then Hom(X,Y[i]) 6= 0 for large i and this is a
contradiction. 
Remark 4.6. Let Λ be an artin algebra and M ∈ mod-Λ. A proper Gorenstein projective
resolution of M is a sequence
· · · −→ Gn −→ Gn−1 −→ · · · −→ G0 −→M −→ 0,
which is a Gp-acyclic complex.
Let G −→ M be a proper Gorenstein projective resolution of M . For every module
N ∈ mod-Λ and every integer n, the relative Ext group, denoted by ExtG(−,−), is defined
by
ExtnG(M,N) := H
n(HomΛ(G, N)).
In view of Theorem 3.12 of [GZ], if Λ is a virtually Gorenstein algebra, then
Hom
D
b
Gp
(mod-Λ)(M,N [n])
∼= ExtnG(M,N),
for every M,N ∈ mod-Λ and every n ∈ Z.
Now we are ready to prove our first result in this section.
Theorem 4.7. Let A,B and C be artin algebras satisfying property (>). Assume that
DbGp(mod-A) admits the following recollement
DbGp(mod-B)
i∗ // DbGp(mod-A)
j∗
//
i!
hh
i∗
vv
DbGp(mod-C).
j∗
hh
j!
vv
Then
(i) A is of finite CM-type if and only if B and C are so.
(ii) A is Gorenstein if and only if B and C are so.
Proof. (i) Observe that by our assumption, Gp-A, Gp-B and Gp-C are contravariantly finite
subcategories of mod-A, mod-B and mod-C, respectively. So, by [AHV1, Theorem 3.3] the
given recollement can be stated in the following form
K−,Gpb(Gp-B)
i∗ // K−,Gpb(Gp-A)
j∗
//
i!
hh
i∗
vv
K−,Gpb(Gp-C).
j∗
hh
j!
vv
Let A be of finite CM-type. So there is an A-module G such that Gp-A = add-G. Observe
that the functor i∗, resp. j!, sends any finitely generated Gorenstein projective B-module G
′,
resp. C-module G′′, to a bounded complex over Gp-A. Indeed, for any Y ∈ K−,Gpb(Gp-A),
HomK−,Gpb(Gp-A)(i∗(G
′),Y[n]), resp. HomK−,Gpb(Gp-A)(j!(G
′′),Y[n]), is isomorphic to
HomK−,Gpb(Gp-B)(G
′, i!Y[n]), resp. HomK−,Gpb(Gp-C)(G
′′, j∗Y[n]), and hence vanishes for large
n. So Lemma 4.5 implies that i∗(G
′) and j!(G
′′) belong to Kb(Gp-A).
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Since add-G generates Kb(Gp-A), the natural isomorphism i∗i∗ ∼= idK−,Gpb(Gp-B) implies
that Gp-B = add-(⊕n∈Zi
∗(G)n), where i∗(G)n denotes the n-th term of the complex i∗(G).
Note that i∗ has a right adjoint and so it can be easily checked, by using the above remark,
that i∗(G) is in Kb(Gp-B). So the direct sum ⊕n∈Zi∗(G)
n has only finitely many non-zero
terms and hence B is of finite CM-type. Similarly, from the unit of the adjoint pair (j!, j
∗)
we obtain the isomorphism idK−,Gpb(Gp-C) ∼= j
∗j! and so Gp-C = add-(⊕n∈Zj
∗(G)n). Again
since j∗ possesses a right adjoint, j∗(G) is bounded. Hence, C is of finite CM-type.
For the converse, let G′, resp. G′′, be a B-module, resp. C-module, in which Gp-B =
add-G′, resp. Gp-C = add-G′′. Then, Kb(Gp-B) = thick(G′) and Kb(Gp-C) = thick(G′′).
Let G be a finitely generated Gorenstein projective A-module. There exists the standard
triangle
j!j
∗(G)→ G→ i∗i
∗(G) ,
induced from the above recollement. Since j∗ has a right adjoint, the above argument can
be applied to show that j∗(G) lies in Kb(Gp-C). Hence the above triangle implies that
G belongs to thick(i∗(G
′) ⊕ j!(G
′′)). So, i∗(G
′) ⊕ j!(G
′′) generates the bounded homotopy
category Kb(Gp-A).
Therefore, every complex X ∈ Kb(Gp-A) is homotopy equivalent to a bounded complex Y
with all terms in add-(G¯′ ⊕ G¯′′), where G¯′ = ⊕n∈Zi∗(G
′)n and G¯′′ = ⊕n∈Zj!(G
′′)n. Observe
that as we saw above i∗(G
′) and j!(G
′′) lie in Kb(Gp-A). Thus, the direct sum ⊕n∈Zi∗(G
′)n
as well as the direct sum ⊕n∈Zj!(G
′′)n have only finitely many non-zero terms. Now, if we
pick a finitely generated Gorenstein projective A-module G and consider it as a stalk complex
with G in degree zero, then G is homotopy equivalent to a bounded complex Y with all terms
in add-(G¯′⊕ G¯′′). This, in turn, implies that G should belong to add-(G¯′⊕ G¯′′) and hence A
is of finite CM-type.
(ii) Let A be Gorenstein. Then DbGp(mod-A) ≃ K
b(Gp-A). Since DbGp(mod-B) is fully
embedded in DbGp(mod-A), by Lemma 4.5, every complex in D
b
Gp(mod-B) is isomorphic to a
bounded complex in Kb(Gp-B). Therefore, by [CFH, Theorem 1.18], B is Gorenstein. The
same argument can be applied to see that C is also Gorenstein.
For the converse, let S and T be simple A-modules. The above recollement induces the
following triangles in Db(mod(Gp-A)),
i∗i
!T → T → j∗j
∗T  ;
j!j
∗S → S → i∗i
∗S  .
Now, apply the homological functor Hom
D
b
Gp
(mod-A)(S,−) on the first and the cohomological
functors
Hom
D
b
Gp
(mod-A)(−, i∗i
!T ) and Hom
D
b
Gp
(mod-A) (−, j∗j
∗T )
on the second triangle to obtain the following long exact sequences
· · · // Hom(S, i∗i
!T [i]) // Hom(S, T [i]) // Hom(S, j∗j
∗T [i]) // · · · ;
· · · // Hom(i∗i
∗S, i∗i
!T [i]) // Hom(S, i∗i
!T [i]) // Hom(j!j
∗S, i∗i
!T [i]) // · · · ;
· · · // Hom(i∗i
∗S, j∗j
∗T [i]) // Hom(S, j∗j
∗T [i]) // Hom(j!j
∗S, j∗j
∗T [i]) // · · · .
10 ASADOLLAHI, BAHIRAEI, HAFEZI, VAHED
Since B is Gorenstein, i∗S and i!T lie in Kb(Gp-B). Thus Hom(i∗i
∗S, i∗i
!T [i]) = 0, for
i ≫ 0. Similarly, since C is Gorenstein, Hom(j!j
∗S, j∗j
∗T [i]) = 0 for i ≫ 0. Moreover, by
the adjointness properties Hom(j!j
∗S, i∗i
!T [i]) = 0 = Hom(i∗i
∗S, j∗j
∗T [i]) for every i ∈ Z.
Consequently, the above three exact sequences imply that
ExtiG(S, T )
∼= HomDb
Gp
(mod-(Gp-A))(S, T [i]) = 0
for i ≫ 0. Therefore, by [EJ, Themorem 12.1.4], every simple, and hence every finitely
generated, A-module has finite Gorenstein projective dimension. Now, Theorem 1.18 of
[CFH] yields that A is Gorenstein. 
The following corollary generalises a result due to Wiedemann [W], in terms of functor
categories. We preface it with a Lemma.
Lemma 4.8. Let Λ be an artin algebra satisfying the property (>). Then mod(Gp-Λ) has
finite global dimension if and only if Λ is Gorenstein.
Proof. Let Λ be an n-Gorenstein algebra. Consider a functor F in mod(Gp-Λ), i.e. there is
an exact sequence
(−, X1)
(−,d1)
−→ (−, X0) −→ F −→ 0
with X1 and X0 in Gp-Λ. Let X be the kernel of d1. Then there is an exact sequence
0 −→ G −→ Xn−1 −→ · · · −→ X2 −→ X −→ 0
such that for every i ∈ {2, · · · , n − 1}, Xi is a projective Λ-module and G is a Gorenstein
projective Λ-module. This exact sequence gives a projective resolution
0 −→ (−, G) −→ (−, Xn−1) −→ · · · −→ (−, X2) −→ (−, X1) −→ (−, X0) −→ F −→ 0
of F . This means that gl.dim(mod(Gp-Λ)) ≤ n. For the ‘only if’ part, let M be a finitely
generated Λ-module and gl.dim(mod(Gp-Λ)) = n. Since Gp-Λ is cotravariantly finite, there
is a Gp-proper exact resolution
· · · −→ Gn−1 −→ · · · −→ G1 −→ G0 −→M −→ 0
of M , where Gi ∈ Gp-Λ for all i. One should apply Yoneda Lemma to see that the n-
th syzygy of the above resolution is Gorenstein projective. So every finitely generated Λ-
module has finite Gorenstein projective dimension. Now [CFH, Theorem 1.8] implies that Λ
is Gorenstein. 
Corollary 4.9. Let A, B and C be artin algebras satisfying property (>). Assume that there
exists the following recollement
Db(mod(Gp-B))
i∗ // Db(mod(Gp-A))
j∗
//
i!
ii
i∗
uu
Db(mod(Gp-C)).
j∗
ii
j!
uu
Then mod(Gp-A) has finite global dimension if and only if mod(Gp-B) and mod(Gp-C) have
finite global dimensions.
Proof. It follows directly from Lemma 4.8 and Theorem 4.7(ii). 
RELATIVE DERIVED CATEGORIES 11
5. Auslander-Reiten triangles in DbGp(mod-Λ)
A known result due to Happel [Ha2] states that for a finite dimensional algebra Λ,
D
b(mod-Λ) has Auslander-Reiten triangles if and only if Λ has finite global dimension. In
this section we present a Gorenstein version of this result [Ha2, Corollary 1.5]. More precisely,
we prove that if Λ satisfies property (>), i.e. if Gp-Λ is a contravariantly finite subcategory
of mod-Λ, then DbGp(mod-Λ) has Auslander-Reiten triangles if and only if Λ is Gorenstein.
This also generalises the main result of [G2] that states DbGP(mod-Λ) has Auslander-Reiten
triangles, provided Λ is a finite dimensional Gorenstein algebra of finite CM-type.
Recall that a map α : X → Y is called left almost split, if α is not a section and if every
map X → Y ′ which is not a section factors through α. Dually, one can define a right almost
split map.
Let T be a triangulated R-category, where R is a commutative artinian ring. Assume that
T is a Krull-Schmidt category and for every X,Y ∈ T , HomT (X,Y ) is a finitely generated
R-module. A triangle X
α
→ Y
β
→ Z  in a triangulated category T is called an Auslander-
Reiten triangle, if α is left almost split and β is right almost split. We say that a triangulated
category T has Auslander-Reiten triangles if for each indecomposable object Z in T there is
an Auslander-Reiten triangle as above.
In view of the following theorem, to show that DbGp(mod-Λ) has Auslander-Reiten triangles
it is enough to show that Db(mod(Gp-Λ)) has Auslander-Reiten triangles. We would like to
thank Osamu Iyama for the idea of the following result.
Theorem 5.1. Let Λ be an artin algebra satisfying property >. Then there is an equivalence
D
b
Gp(mod-Λ) ≃ D
b(mod(Gp-Λ))
of triangulated categories.
Proof. Since Gp-Λ is a contravariantly finite subcategory of mod-Λ, an argument similar to
the proof of [GZ, Theorem 3.6] works to show that DbGp(mod-Λ) ≃ K
−,Gpb(Gp-Λ).
On the other hand, we know that Db(mod(Gp-Λ)) ≃ K−,b(Prj-mod(Gp-Λ)). Hence it is
sufficient to prove that K−,Gpb(Gp-Λ) ≃ K−,b(Prj-mod(Gp-Λ)). To this end, we define a
functor
φ : Gp-Λ −→ Prj-mod(Gp-Λ)
by φ(G) = HomΛ(−, G), for any finitely generated Gorenstein projective Λ-module G. Note
that every object in Prj-mod(Gp-Λ) is of the form HomΛ(−, G) for some G ∈ Gp-Λ. This fact
in conjunction with Yoneda Lemma implies that φ is an equivalence. This equivalence can
be extended, in a natural way, to the following equivalence
φ¯ : K(Gp-Λ) −→ K(Prj-mod(Gp-Λ)).
Now observe that, in view of Yoneda Lemma, a sequence
· · · → Gi−1 → Gi → Gi+1 → · · ·
in Gp-Λ is Gp-acyclic if and only if the sequence
· · · → HomΛ(−, G
i−1)→ HomΛ(−, G
i)→ HomΛ(−, G
i+1)→ · · ·
in Prj-mod(Gp-Λ)) is acyclic. Therefore, φ¯ restricts to the desired equivalence
φ¯ : K−,Gpb(Gp-Λ) −→ K−,b(Prj-mod(Gp-Λ)).
So the proof is complete. 
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Let Λ be an artin algebra over a commutative artinian ring R. It can be easily seen that
the duality D : mod-Λ → mod-Λop can be extended to the duality D : mod(mod-Λ) −→
mod((mod-Λ)op), defined by D(F )(X) = D(F (X)), for all X ∈ mod-Λ.
Motivated by this fact, the notion of dualizing R-varieties is introduced by Auslander and
Reiten [AR]. As this concept will be used to prove the existence of Auslander-Reiten triangles
in Db(mod(Gp-Λ)), we recall briefly the definition. An skeletally small additive category C is
called variety if idempotents split. An R-variety is a variety C equipped with an R-module
structure on abelian group HomC(X,Y ), for each pair of objects X and Y in C.
Let C be a finite R-variety, i.e. HomC(X,Y ) is a finitely generated R-module for every
X and Y in C. It is easily checked that the functor D : (Cop,mod-R) −→ (C,mod-R) given
by D(F )(X) = D(F (X)), defines a duality. A dualizing R-variety is defined to be a finite
R-variety C with the property that for every finitely presented C-module F , the Cop-module
DF is finitely presented as well.
Theorem. [AR, Theorem 2.4] A finite R-variety C is dualizing if and only if it satisfies
the following conditions.
(i) C and Cop have pseudokernels.
(ii) For any Y ∈ C, there is an object C in C such that the morphism
HomC(X,Y ) −→ HomEndC(C)op(HomC(C,X),HomC(C, Y ))
is an isomorphism for all X ∈ C.
(iii) For any Y ∈ Cop, there is an object C in Cop such that the morphism
HomCop(X,Y ) −→ HomEndCop (C)op(HomCop(C, Y ),HomCop(C,X))
is an isomorphism for all X in Cop.
Remark 5.2. Let Λ be an artin R-algebra satisfying property >. Then Gp-Λ is a dualizing
R-variety. To see this note that since Gp-Λ is a contravariantly finite subcategory of mod-Λ,
by [KS, Corollary 2.6], it is a functorially finite subcategory of mod-Λ. Now, one may use the
fact that the functor HomΛ(−,Λ) induces a duality Gp-Λ −→ Gp-Λ
op, to deduce that Gp-Λ
satisfies all the statements of the above theorem.
So, the duality functor D : mod-Λ −→ mod-Λop can be extended to a duality D :
mod(Gp-Λ) −→ mod((Gp-Λ)op). Therefore any injective object in mod(Gp-Λ) is of the form
DHomΛ(G,−), for some G ∈ Gp-Λ.
We define a functor
V : Prj-mod(Gp-Λ) −→ Inj-mod(Gp-Λ)
by V(HomΛ(−, G)) = DHomΛ(G,−). Clearly, this functor is an equivalence of categories and
extends naturally to an equivalence
K(Prj-mod(Gp-Λ)) −→ K(Inj-mod(Gp-Λ))
of triangulated categories, again denoted by V .
Next proposition provides a version of Serre duality in the category Db(mod(Gp-Λ)).
Proposition 5.3. Let Λ be a Gorenstein algebra. Then, for every X,Y ∈ Db(mod(Gp-Λ)),
there is the following isomorphism in Db(mod(Gp-Λ))
Hom(X,Y) ∼= DHom(Y,VX).
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Proof. First note that it is known that if Λ is Gorenstein, then Gp-Λ is contravariantly fi-
nite subcategory of mod-Λ. Now, by Lemma 4.8, mod(Gp-Λ) has finite global dimension.
Thus Db(mod(Gp-Λ)) ≃ Kb(Prj-mod(Gp-Λ)) and so it is enough to prove the desired isomor-
phism in Kb(Prj-mod(Gp-Λ)). Note that complexes X and Y in Kb(Prj-mod(Gp-Λ)) can be
considered as HomΛ(−, X
•) and HomΛ(−, Y
•) for some X•, Y • ∈ Kb(Gp-Λ), respectively.
Now, the result follows from the following isomorphisms that exist thanks to the Yoneda
Lemma
DHom(HomΛ(−, Y
•),VHomΛ(−, X
•)) ∼= DHom(HomΛ(−, Y
•), DHomΛ(X
•,−))
∼= DHom(HomΛ(X
•,−), DHomΛ(−, Y
•))
∼= D(DHom(X•, Y •))
∼= Hom(X•, Y •)
∼= Hom(HomΛ(−, X
•),HomΛ(−, Y
•)).

Theorem 5.4. Let Λ be a Gorenstein algebra. Then the derived category Db(mod(Gp-Λ))
admits Auslander-Reiten triangles.
Proof. The same argument as in the proof of [Ha1, Theorem I. 4.6], or [RV, Theorem I.2.4],
together with the Proposition 5.3 works to prove the result. 
Following result should be compared with [Ha2, Corollay 1.5].
Theorem 5.5. Let Λ be an artin algebra satisfying property >. Then the Gorenstein derived
category DbGp(mod-Λ) has Auslander-Reiten triangles if and only if Λ is Gorenstein.
Proof. Assume that Λ is a Gorenstein algebra. The above theorem and Theorem 5.1 imply
that DbGp(mod-Λ) admits Auslander-Reiten triangles.
For the converse, let the Gorenstein derived category DbGp(mod-Λ) has Auslander-Reiten
triangles. Then, by Theorem 5.1, Db(mod(Gp-Λ)) has Auslander-Reiten triangles. Now, the
same argument as in the proof of [Ha2, Theorem 1.4] shows that mod(Gp-Λ) has finite global
dimension. Hence, by Lemma 4.8, Λ is Gorenstein. 
Let Λ be a noetherian ring. The canonical functor Kb(prj-Λ) −→ Db(mod-Λ) is fully
faithful. So we can consider Kb(prj-Λ) as a (thick) triangulated subcategory of Db(mod-Λ).
The singularity category of Λ, Dsg(Λ), is defined to be the Verdier quotient of D
b(mod-Λ) by
Kb(prj-Λ), see [Buc] and Orlov [O].
Moreover, by [GZ, Lemma 3.5], the canonical functor Kb(Gp-Λ) −→ DbGp(mod-Λ) is fully
faithful. So we can consider the Verdier quotient DbGp(mod-Λ)/K
b(Gp-Λ), that is called the
Gorenstein singularity category of Λ and is denoted by DGsg(Λ). Gao and Zhang [GZ] used
this category to provide a characterization for Gorenstein rings.
Here we apply Theorem 5.1 and this Gorenstein version of the singularity category to
generalise Theorem 4.5 of [KZ] for artin algebras satisfying >.
Recall that an abelian category A is called CM-free, if Prj-A = GP-A. An artin algebra
A is called CM-free, if mod-A is a CM-free category, see [Ch4].
Proposition 5.6. Let Λ be an artin algebra satisfying >. Then the category mod(Gp-Λ) is
CM-free.
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Proof. In view of Theorem 5.1, we have an equivalence
D
b
Gp(mod-Λ)
φ¯
−→ Db(mod(Gp-Λ))
of triangulated categories. So there is a commutative diagram
DGsg(Λ)
φ˜
∼ //
OO
Dsg(mod(Gp-Λ))
OO
D
b
Gp(mod-Λ)
OO
?
∼ // Db(mod(Gp-Λ))
OO
?
K
b(Gp-Λ)
∼ // Kb(Prj-mod(Gp-Λ)).
Now, [BJO, Theorem 3.1] implies the existence of the following commutative diagram
DGsg(Λ)
φ˜
∼ //
OO
?
Dsg(mod(Gp-Λ))
OO
?
Ktac(Gp-Λ)
∼ // Ktac(Prj-mod(Gp-Λ)).
Note that syzygies of complexes in Ktac(Gp-Λ) are Gorenstein projective, see [Hu, SSW].
So complexes in Ktac(Gp-Λ) are split exact and hence Ktac(Gp-Λ) vanishes. This in turn
implies that Ktac(Prj-mod(Gp-Λ)) vanishes. But, this is equivalent to say that the category
mod(Gp-Λ) is CM-free. 
Let Λ be an artin algebra of finite CM-type. So there is a finitely generated Gorenstein
projective Λ-module G such that Gp-Λ = add-G. The endomorphism EndΛ(G) is then called
the Gorenstein Auslander algebra of Λ. As a direct consequence of the above proposition, we
have the following corollary. This result recently has been proved by Kong and Zhang [KZ,
Theorem 4.5].
Corollary 5.7. Let Λ be an artin algebra of finite CM-type. Then the Gorenstein Auslander
algebra of Λ is CM-free.
Proof. Let Gp-Λ = add-G, where G ∈ Gp-Λ. Then the covariant functor HomΛ(G,−) induces
an equivalence mod-(Gp-Λ) ≃ mod-EndΛ(G). By Proposition 5.6, mod-(Gp-Λ), and hence
End(G), is CM-free. 
6. Equivalence of DbGp(mod-Λ) and D
b
Gi(mod-Λ)
Let A be an abelian category. One can define the concept of Y-coacyclic complexes for
a subcategory Y of A, i.e. a complex A such that the induced complex HomA(A, Y ) is
acyclic for every Y ∈ Y. Also, a Y-quasi-isomorphism is a chain map f : A −→ B such that
HomA(f, Y ) is a quasi-isomorphism for all Y ∈ Y. So, we have the relative derived cate-
gory DY(A), defined as DY(A) := K(A)/KY-ac(A), where KY-ac(A) denotes the homotopy
category of Y-coacyclic complexes.
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IfA has enough injective objects and Y = GI-A, then the relative derived category DGI(A)
is called Gorenstein (injective) derived category of A. In case A = mod-Λ and Y = Gi-Λ,
where Λ is a ring, we write KGi-ac(mod-Λ) for KY-ac(A) and DGi(mod-Λ) for DY(A).
Let Λ be a Gorenstein ring. By [EJ, Corollary 12.3.5] every short exact sequence is GP-
acyclic if and only if it is GI-coacyclic. This, in turn, implies that in this case DGP(Mod-Λ) ≃
DGI(Mod-Λ). Our aim in this section is to get conditions for the equivalences of the trian-
gulated categories DbGp(mod-Λ) and D
b
Gi(mod-Λ).
Given an artin algebra Λ, recall that the Nakayama functor on mod-Λ is defined as
ν := DHomΛ(−,Λ) : mod-Λ −→ mod-Λ.
Restriction of the Nakayama functor to the category prj-Λ induces an equivalence ν : prj-Λ −→
inj-Λ. The quasi-inverse of this equivalence is given by
ν− := HomΛ(DΛ,−) : inj-Λ −→ prj-Λ.
Note that, if one consider ν− : mod-Λ −→ mod-Λ, then (ν, ν−) is an adjoint pair. Recently,
it has been shown by Beligiannis [Be1, Proposition 3.4] that the Nakayama functor extends
to equivalence ν : Gp-Λ −→ Gi-Λ of categories with the quasi-inverse ν−.
Theorem 6.1. Let Λ be an artin algebra of finite CM-type. Then there is an equivalence
D
b
Gp(mod-Λ) ≃ D
b
Gi(mod-Λ)
of triangulated categories.
Proof. Since Λ is an artin algebra of finite CM-type, there is a finitely generated Gorenstein
projective Λ-module G such that Gp-Λ = add-G and Gi-Λ = add-νG. Clearly, add-G, resp.
add-νG, is a contravariantly, resp. covariantly, finite subcategory of mod-Λ.
Hence by Theorem 5.1 there exist the following equivalences of triangulated categories
DbGp(mod-Λ) ≃ D
b(mod(Gp-Λ))
≃ Db(mod(add-G))
Now, the covariant functor HomΛ(G,−) induces an equivalence
D
b(mod(add-G)) ≃ Db(mod-End(G))
of triangulated categories.
The same argument as in the proof of Theorem 3.6 of [GZ] works to obtain a triangle
equivalence
D
b
Gi(mod-Λ) ≃ K
+,Gib(Gi-Λ),
where K+,Gib(Gi-Λ) is the full subcategory of K+(Gi-Λ) consisting of all complexes X such
that there is an integer n in which Hi(HomΛ(X, G)) = 0, for all i ≥ n and every G ∈ Gi-Λ.
The Yoneda functor induces a duality
K
+,Gib(Gi-Λ) ≃ K−,b(Prj-mod(Gi-Λ)op),
where mod((Gi-Λ)op) denotes the category of covariant functors from Gi-Λ to Ab.
On the other hand, there is an equivalence
D
b(mod-(Gi-Λ)op) ≃ K−,b(Prj-mod(Gi-Λ)op)
of triangulated categories. All together, we have an equivalence
D
b
Gi(mod-Λ) ≃ D
b(mod((Gi-Λ)op))op
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of triangulated categories. Moreover, the covariant functor HomΛ(νG,−) gives a triangle
equivalence
D
b(mod((Gi-Λ)op)) ≃ Db(mod-EndΛ(νG)
op).
Thus, we have an equivalence
D
b
Gi(mod-Λ) ≃ D
b(mod-EndΛ(νG)
op)op
of triangulated categories.
For an artin algebra Γ, the duality D : mod-Γ −→ mod-Γop can be extended to the duality
RD : Db(mod-Γ) −→ Db(mod-Γop) of bounded derived categories. Therefore, there is an
equivalence
D
b(mod-EndΛ(G)
op)op −→ Db(mod-EndΛ(G)).
Now, the fact that EndΛ(νG) ∼= EndΛ(G) completes the proof. 
In the following we intend to prove this result for a virtually Gorenstein algebra Λ. By the
preceding discussion, we need to construct a duality between mod(Gp-Λ) and mod((Gi-Λ)op).
To this end, we need the following lemma.
Lemma 6.2. Let Λ be a virtually Gorenstein algebra. Then the duality D : mod-Λ −→
mod-Λop induces the duality
D : mod(Gi-Λ) −→ mod((Gi-Λ)op).
Proof. By 5.2, Gp-Λ is a dualizing R-variety. On the other hand, there is an equivalence
ν : Gp-Λ −→ Gi-Λ. Therefore, Gi-Λ has the properties just derived for Gp-Λ and so Gi-Λ is a
dualizing R-variety. Hence we have the desired duality. 
Observe that the Nakayama functor ν : Gi-Λ
∼
−→ Gp-Λ induces the equivalence
ν : mod(Gi-Λ)
∼
−→ mod(Gp-Λ).
So in view of the above lemma, there is the following duality of triangulated categories
η : mod(Gp-Λ)
ν
−→ mod(Gi-Λ)
D
−→ mod((Gi-Λ)op).
Let Λ be a virtually Gorenstein algebra. By Theorem 5.1,
D
b
Gp(mod-Λ) ≃ D
b(mod(Gp-Λ)).
The same argument as in the proof of Theorem 6.1 can be applied to show that there is an
equivalence
D
b
Gi(mod-Λ) ≃ D
b(mod((Gi-Λ)op))op
of triangulated categories. We shall use these facts in the proof of the following theorem.
Theorem 6.3. Let Λ be a virtually Gorenstein algebra. Then there is an equivalence
D
b
Gp(mod-Λ) ≃ D
b
Gi(mod-Λ),
of triangulated categories.
Proof. As we mentioned before, there are equivalences
D
b
Gp(mod-Λ) ≃ D
b(mod(Gp-Λ)) and DbGi(mod-Λ) ≃ D
b(mod((Gi-Λ)op))op
of triangulated categories.
Also, the duality η : mod(Gp-Λ) −→ mod((Gi-Λ)op) can be extended to the duality Rη :
Db(mod(Gp-Λ)) −→ Db(mod((Gi-Λ)op)). The proof is now complete. 
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7. Reflection functors
Let Q be a quiver and i be a vertex of Q. We let σiQ denote the quiver which is obtained
from Q by reversing all arrows which start or end at i.
It is proved in [Ha1, I. 5.7] that if Λ is a field, then Db(Q) ≃ Db(σiQ), where D
b(Q), resp.
Db(σiQ), denotes the bounded derived category of finitely generated representations of Q,
resp. σiQ, over Λ.
This section is devoted to prove the relative version of this result in terms of the Gorenstein
derived categories.
7.1. A quiver Q is a directed graph which is denoted by a quadruple Q = (Q0,Q1, s, t),
where Q0, resp. Q1, is the set of vertices, resp. arrows, of Q and s, t : Q1 → Q0 are maps
which associate to any arrow α ∈ Q1 its source s(α) and its target t(α). A quiver Q is called
finite if both Q0 and Q1 are finite sets. We may consider Q as a category: the objects are
vertices and morphisms are arrows. A representation of Q over a ring Λ is a covariant functor
M : Q → Mod-Λ. We denote the category of all, resp. all finitely generated, representations
of Q in Mod-Λ by Rep(Q,Λ), resp. rep(Q,Λ). It is known that Rep(Q,Λ) is a Grothendieck
category which has enough projective objects. Let M ∈ Rep(Q,Λ) be a representation of Q.
For every vertex v ∈ Q0, Mv denotes the module at vertex v.
As in the absolute case, we write DGp(Q), resp. Dsg(Q), instead of DGp(rep(Q,Λ)), resp.
Dsg(rep(Q,Λ)). Also, we denote by inj-Q, resp. prj-Q, Gp-Q, the full subcategory of rep(Q,Λ)
formed by all injective, resp. projective, Gorenstein projective, representations of Q.
Let us recall the definition of a pair of reflection functors. For more details consult [Kra2,
3.3]. Let i be a sink of Q. The reflection functor S+i : Rep(Q,Λ) −→ Rep(Q,Λ) is defined
as follows: let M be an arbitrary representation of Q. Then S+i (M)v = Mv for any vertex
v 6= i, and S+i (M)i is the kernel of a map
⊕
t(a)=iMs(a)
ζ
→Mi.
Similarly, if i is a source of Q, we have the reflection functor S−i : Rep(Q,Λ) −→ Rep(Q,Λ)
which is defined by S−i (M)v = Mv for any v 6= i, and S
−
i (M)i is the cokernel of a map
Mi →
⊕
s(a)=iMt(a).
Lemma 7.2. Let Λ be an artin algebra and Q be a finite acyclic quiver. Let i be either a
sink or a source of Q. Then there is an equivalence
D
b(Q) ≃ Db(σiQ),
of triangulated categories.
Proof. Following similar argument as in [AHV2, Theorem 3.2.7], we have the following two
equivalences
K
b(inj-Q)
S
+
i−→ Kb(inj-σiQ)
K
b(prj-Q)
S
−
i−→ Kb(prj-σiQ),
where in the first equivalence i is a sink and in the second one i is a source of Q.
On the other hand, for any artin algebra, the Nakayama functor induces an equivalence
between the category of finitely generated projectives and finitely generated injectives. Since
ΛQ and ΛσiQ are artin algebras, there exist equivalences inj-Q ≃ prj-Q and inj-σiQ ≃
prj-σiQ. These equivalences can be extended, naturally, to the following equivalences
K
b(inj-Q) ≃ Kb(prj-Q) and Kb(inj-σiQ) ≃ K
b(prj-σiQ).
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So, in both cases, we have an equivalence
K
b(prj-Q) −→ Kb(prj-σiQ)
of triangulated categories. By [Ric, Theorem 6.4 and Proposition 8.2], it is equivalent to the
existence of following triangulated equivalence
D
b(Q)
∼
−→ Db(σiQ).

As a direct consequence of the above lemma we have the following corollaries.
Corollary 7.3. Let Λ be an artin algebra and Q be a finite acyclic quiver. Then there is an
equivalence
Dsg(Q) ∼= Dsg(σiQ),
of triangulated categories.
Proof. Observe that if two noetherian rings are derived equivalent, then they have the same
singularity category. So Lemma 7.2 implies the result. 
Corollary 7.4. Let Λ be a Gorenstein algebra and Q be a finite acyclic quiver. Then there
is an equivalence
Gp-Q ≃ Gp-σiQ,
of triangulated categories.
Proof. By [Buc, Ha3], Dsg(R) ≃ Gp-R, provided R is a Gorenstein ring. Since Λ is Gorenstein
and Q, resp. σiQ, is finite and acyclic, ΛQ, resp. ΛσiQ, is Gorenstein. Now, the result follows
from Corollary 7.3. 
Corollary 7.5. Let Λ be a Gorenstein algebra and Q be a finite acyclic quiver. Then
Kb(Gp-Q) ≃ Kb(Gp-σiQ). In particular, we have an equivalence D
b
Gp(Q) ≃ D
b
Gp(σiQ).
Proof. By Lemma 7.2, Db(Q) ≃ Db(σiQ). If we let Λ to be Gorenstein, then so are ΛQ
and ΛσiQ. So [AHV1, Theorem 5.2.3] implies that K
b(Gp-Q) ≃ Kb(Gp-σiQ). Moreover,
Corollary 3.8 of [GZ] follows the equivalence
D
b
Gp(Q) ≃ D
b
Gp(σiQ),
of triangulated categories. 
Corollary 7.6. Let Λ be a Gorenstein algebra and T be a finite tree. If Q1 and Q2 are two
acyclic quivers with the same underlying graph as T , then
(i) Gp-Q1 ≃ Gp-Q2.
(ii) DbGp(Q1) ≃ D
b
Gp(Q2).
Proof. By [Ha1, I. 5.7], Q2 can be obtained fromQ1 by a finite sequence of reflection functors.
Now, the equivalences follow from Corollaries 7.4 and 7.5. 
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